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A HIGHER ORDER INVARIANT OF DIFFERENTIAL MANIFOLDS

GREGORY A. FREDRICKS, PETER B. GILKEY AND PHILLIP E. PARKER

Dedicated to Aldo Andreotti on the 65th anniversary of his birth and
Paul Olum on his retirement from the University of Oregon

Abstract. We discuss conditions under which a lens space is 5th order flat.

Introduction

Let Af be a smooth manifold of dimension m . We put a Riemannian metric

on M and identify the tangent space T(M) with the cotangent space T*(M)

henceforth. If E is a vector bundle over M, let J(E) = E®(E®T(M)) be the

jet bundle of E ; this is the natural setting for studying first order differential

equations. Let JS(E) = J(JS~X(E)) be the iterated jet bundle and let JS(M) =

JS(T(M)) = T(M) ® (1 e T(M))S.

E is said to be flat if it admits a connection whose curvature vanishes iden-

tically; bundles can admit inequivalent flat structures. M is said to be flat if

the tangent bundle T(M) is flat. M is sth order flat if JS(M) admits a flat

structure. The set of integers 5 for which M is sth order flat is an invariant

of M ; the smallest such integer is denoted by a(M) if it exists; otherwise we

let a(M) = oo. In this note, we will study the alpha invariant for lens spaces;

this is a natural context to phrase the question.

If JS(M) admits a flat structure for some s, the rational Pontrjagin classes

of M are zero in positive degrees and T(M) is rationally trivial. Let CP be

complex projective space. If k > 1 , then px(CP ) ^ 0 so Js(CPk) is never

flat and a(CP ) = oo. The spherical space forms behave quite differently and

provide a family of interesting examples for which a < oo. We establish the

following notational conventions. G will be a finite group and x: G —» 0(m +1)

will be a fixed point free representation of 77. If G admits such a x, we say

G is a spherical space form group. The existence of x places restrictions on

G. In particular, the p-Sylow subgroups of G are cyclic if p is odd and either

cyclic or quaternion if p = 2. Let

Zn = {XeC:X" = l}c 17(1) c 0(2),
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ß2 = {±l, ±z, ±j, ±k} c SU(2) = S3 c 0(4)

be the cyclic group of order n and the quaternion group of order 8 ; let

px : Zn —> 0(2) and t0: Q2 -* 0(4) be the natural fixed point free embed-

dings. We refer to Wolf [11] for a discussion of other examples.

Let M = M(G,x) = Sm/x(G) be the resulting quotient manifold; M is

a compact Riemannian manifold which inherits a metric of constant sectional

curvature 1 ; all complete manifolds of constant sectional curvature 1 arise in

this fashion. These are the spherical space forms and have been classified by

Wolf [11]. The classifying space

BG=     lim     M(G,x)
dim(T)—»oo

so these spaces are important in algebraic topology. We shall be primarily

interested in the case G cyclic; these define the lens spaces. If G = {1} , Af is

the sphere Sm ; if G = Z2, M is real projective space RPm . We summarize

below the major results of this paper:

Theorem 0.1. Let M = M(G,x) have dimension m ^ 1.

(a) q(A7) < oo.  JS(M) admits aflat structure if and only if s > a(M).

(b) a(Sm) = 0 if m = 1,3,7. a(Sm) = 1 otherwise. If m = 1,3, then

a(M) = 0. Otherwise a(M) > 1.

(c) Choose s so (m + l)s < \KO(RPm)\ <(m + l)s+x. Then a(RPm) = s.

(d) If (a ,b) = I, let G = Zab . Then

a(M) = max{a(M(Za , t)) , a(M(Zb , x))} .

(e) Let G = Z4 or G = Q2 and let s = a(RPm). Suppose either s is even, or

m < 100,000, or m is large. Then a(M) = s.
(f) Let G = Zn for n an odd prime power.  3 a constant m0 = m0(n) so

(i) If dim(M) > mQ, then a(M) < n - 2.

(ii) If m is odd and m > m0, 3M so a(M) = 1.

(iii) If M is a classical lens space and dim(Af) > mQ, then a(M) = n-2.

This shows sup a(RPm) = oo while supta(Af(Zn , t)) < oo if n is odd; the

behavior of a at the prime 2 is very different from the behavior at odd primes

as we shall see. As T(M) © 1 admits a flat structure, T(M) is stably flat so

the computation of a(M) is a delicate one. If m = 1,3 then T(M) is trivial

so a(M) = 0; if m ¿ 1,3,7 then T(Sm) is not trivial so a(Sm) > 1 which

implies a(M) > a(Sm) > 1. Since dim J (M) > dim(AT) for í > 1 we will be

in the stable range and can use methods from ^-theory to determine a(M).

The case m = 7 is exceptional and is excluded from consideration for the most

part. The proof of (e) relies on a lemma from number theory we have checked

by explicit computation for m < 100,000 and for which we have an asymptotic

proof based on the methods of Shorey-Tijdeman; we believe it is true in general

but have not checked it owing to the difficulty of making effective the constants

which appear.
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In §1, we will review the basic facts we shall need and prove

0.1 (a, b, c). In §2, we will prove 0.1(d) which reduces the calculation of a

for lens spaces to studying prime powers. In §3, we study the prime 2 and

prove 0.1(e). In §4 we study odd primes and prove 0.1(f). In the final section,

we will study a(Z3x,k-px) as a function of k in some detail to illustrate some

further phenomena.

1. The spheres and projective spaces

Let F e {O, U} be either the orthogonal or unitary group. Let Vect"F(M)

be the set of isomorphism classes of vector bundles of dimension v over Af

with structure group F. Let v • 1 be the trivial bundle of dimension v . The

map is —► is © 1 defines an isomorphism from YectF(M) -* Vect^.+ (M) for

v > m if F = O and for 2v > m if F = U ; this is called the stable range.

We can cancel in the stable range; E0 © Ex = is 0 © E2 implies Ex = E2. Let

KF(M) and KF(M) be the unreduced and reduced AMheory groups; we will

not need the higher .fif-theory groups for what follows. If E e YectF(M), let

[E] e KF(M) ;

y:E^[E]-v[l]

is an isomorphism from Vect^.(Af) to KF(M) in the stable range. If E is

real, let c(E) = E <g> C be the corresponding complex vector bundle; if E is

complex, let r(E) be the underlying real bundle; c and r extend to Ä'-theory.

c(r(E)) = E © E* and r(c(E)) = 2E. c is a ring morphism; r is not a ring

morphism. Since r(Ex) <g>R r(E2) = r(E{ ®c (E2 © is2 )), image(r) is a subring.
1 v

If Af = 5 , then T(M) = 1 and J (Af) is trivial for all s. We assume

zrz > 1 for the most part. Let Af = M(G,x). As Sm is simply connected, we

can identify G with the fundamental group of Af. If zrz = 2k - 1 is odd and if

x is fixed point free, x is conjugate to a representation x: G —y U(k) c 0(2k) ;

see Wolf [11]. The only even-dimensional spherical space forms are the spheres

S     and the projective spaces RP

If o is a representation of G, let n(a) be the corresponding vector bundle

over M. n(a) admits a canonical flat structure. Conversely if a bundle E has

a flat structure, the holonomy of E defines a representation a of nx(M) = G

so that E = n(o). Let RF(G) be the group representation ring and let RFQ(G)

be the augmentation ideal. The actual representations form a positive cone in

RF(G) ; we shall say ox > o2 if er, - a2 > 0 ; this defines a partial order on

RF(G). Extend [n] to a ring morphism [n] : RF(G) —► KF(M) ; the restriction

defines [n]: RF0(G) -» KF(M). Let KFm(M) and KFm(M) be the image

of [n] ; this is generated by bundles which (stably) admit flat structures.

Lemma 1.1. Let M = M(G,x).

(a) T(M)®l = n(x).  [Js(M)]eKO^x(M)Vs.

(b) |*Oflat(A/)|<oo.
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(c) If s > l, the following statements are equivalent,

(i) Js(M) = n(a),

(ii) [n(xs+x -Xs -o)] = 0.

Proof. T(Sm)®l is isomorphic to the restriction of the tangent bundle of Rm+X

to Sm so r(5m)©l = (w+l)-l . This isomorphism is equivariant with respect

to the action of 0(m + 1) and descends to an isomorphism T(M) © 1 = 7t(t) .

Consequently [T(M)] e KOaJM) ; as KOUx is a ring, [JS(M)] e KOñJM) ;
this proves (a). If o e RO0(G), the rational Pontrjagin classes of n(o) vanish

so [n(a)] is a torsion class. Since RO0(G) is a finitely generated Z module

(b) follows. If 5 > 1, we are in the stable range so the following statements are

equivalent:

(1) T(M)®(T(M)®l)s = n(o),

(2) T(M) ® (T(M) ®\)s® (T(M) © l)s = n(o) © (T(M) ®l)s,

(3) (r(A/)©l)i+1=7r(er)©(7W)ffil)\
(4) n(x)s+x =n(a)®n(x)s.   G

Let KOm(M) = {xx,...,xß}. Let X¡ = [*(*,(/))]-[jr(<T2(/))] for ov(i) > 0.

Let ai be the order of y{n(a2(i))} in KO(M) and let o3(i) = o^ + ^^^-

o-^i). Then x¡ = y{n(o3(i))} . Let t = max{m + 1, dimer3(l),..., dimo3(p)}

and choose u so dim/"(Af) > t. Since [/"(Af)] e KOaJM), y{/"(Af)} = xj

for some ;'. Therefore y{Ju(M) - n(a3(j))} = 0 so /"(Af) = n(a3(j)) +

{dim /"(Af ) - dim o3(j)} • 1 since we are in the stable range. This shows /"(Af)

is flat. Choose s minimal so JS(M) = n(a) is flat. If v > s, then JV(M) =

JS(M) ® (T(M) ® l)v~s = n(a ® xv~s) so JV(M) is flat. This proves Theorem

0.1(a).
Let H be a subgroup of G. The pull back of /s(Af(C7,T)) by the natural

covering projection is JS(M(H,x)). Consequently Js(M(G,x)) is flat implies

JS(M(H, t)) is flat. .This proves

Lemma 1.2. If H ç G, then a(M(G, t)) > a(M(H, t)) .

We can now prove Theorem 0.1(b). We compute

(T(Sm) © l)2 = (m + I)2 ■ 1 = {T(Sm) ® 1} © {(m + l)2 - (m + 1)} • 1,

so a(Sm)< 1 by Lemma 1.1. Sx is flat as T(SX) is trivial. Otherwise, Sm is

simply connected so a bundle over Sm has a flat structure if and only if it is

trivial. Hence a(Sm) = 0 when T(Sm) is trivial; this happens if m e {1,3,7}

(see Bott-Milnor [1]); otherwise T(Sm) is not trivial and a(Sm) = 1. If m =

1,3, T(M) is trivial so a(M) = 0. If m¿ 1,3,7, a(M) > a(Sm) = 1 . This

completes the proof of 0.1(b); our techniques do not suffice to study a(Af) if

m = 7.
We compute a(RPm) to prove Theorem 0.1(c). If s = 0, then m = 1,3,

or 7 and it is well known that T(RPm) is trivial in these dimensions. Conse-

quently we suppose m ¿ 1,3,7 henceforth. Let 2/{m) = \KO(RPm)\ be the
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order of the reduced real A^-theory group;

[zn/2] if m = 6,7,8 mod 8
Am) -{

[m/2] + 1    otherwise

We list below some values of f(m) and 5 where 5 is defined by (m + l)s <
2f{m]<(m + l)s+x.

Table 1

Let px be the nontrivial representation of Z2 ; n(px) = L is the classifying

bundle over RPm . Let x = [1] - [L]. Then x has order 2^(m) and generates

KO(RPm). Let a,b,c,d be nonnegative integers with a + b = c + d > m .

The following statements are equivalent:

(i) a-l+b-L = c-l+d-L,

(ii) a = cmod2f(m),

(iii) b = d mod 2f(m).

We wish to find a,b so Js(RPm) = a-l+b-L; this is equivalent by Lemma 1.1

to (T(RPm)®l)s+x = a-l+b-L+(T(RPm)®l)s. Since T(RPm)®l = (m+l)-L,

this means

(zn+1)
+■ _ / b   if s is even \

' \a   if s is odd /
mod 2

f(m)

We show a(RPm) < s by finding (a,b). Define

(2f(m) -(m + l)s, (m + l)s+x - 2f(m))   if s is even

((m + l)i+l - 2/(w),2/(w) -(m + l)s)   if s is odd

Conversely suppose t > 1 and Jl(RPm) = c • 1 + d • L. Then

«.,*> = {

(m+l)
t+\

^{

As c and d are less than (m+l)

d   if s is even

c    if 5 is odd

z+l

mod 2
Am)

2f(m) <(m + 1)'+1 As (m + l)s <

2f{m) <(m+l)s+x, s < t. This completes the proof of Theorem 0.1(c). The
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cases 5-even and s-odd are completely symmetric for Z2 ; this will not be the

case when we study Z4 and Q2 in §3.

Table 1 shows a is not monotonie at m = 31.

Theorem 1.3. Let 2P'X = 1 modp, m = 2P - 1, and v = (2P~X -l)/p. Then
a(RPm) = v - 1 and a(RPm~x) = a(RPm+x) = v .

Remark. If p is prime, then 2P_1 = 1 mod/z by Fermat's theorem. There are

also composite numbers for which this is true.

Proof. We need to establish the following estimates:

(i) (2"+ 1)" <2^+1,
(ii) 2vp+x < (2P + l)"+x,

(iii) (2P - 1)" < 2"p,
(iv) 2vp <(2P-\)V+X.

Set n = 2P . We prove (i) by computing:

v = (2p~X -l)lp<2p/(2p)<n/2,

(l + l/nf <(l + l/n)n'2 <eX'2 <2,

(2p+lf <2.2i"\

(ii) and (iii) are immediate. Finally let x = 2~p e (0,1/8]. Then

ln(l -x)/x = -(l+x/2 + x2/3 + ■■■)> -1/(1 -x) > -8/7

so (1 -x)x/x > 1/6. Since v < 2P, (l-2"p)" > (1 -x)x,x > 1/6 and

(2P - !)"{/ - 1) > 6"' • (2P - 1) • 2vp > 2vp.

Note that m = 1 mod 8 as p > 3, so f(m) = [m/2] = 2P~ - 1 = pv .

Because 2/(m) = 2pv = (m + l)v , a(RPm) = v-l. Because m + 1 = 0 mod 8,

f(m + 1) = f(m) + 1 = pu + 1. Because (2p + l)v < 2up+x < (2P + l)v+x,

a(RPm+ ) = v . Because zzz - 1 = 6 mod 8 , f(m - 1) = f(m) = up . Because
(2P - 1)" < 2vp < (2" - 1)"+1 , a(RPm-x) = v .    G

2. Separating out the primes

The only even-dimensional spherical space forms are the spheres and real

projective spaces which were studied in §1; we assume henceforth m is odd.

Any fixed point free representation x is conjugate in 0(2k = m + 1) to a

complex representation so Af = Af(C7,r) admits a stable complex structure.

Lemma 2.1.

(a) KU(M) = KUaJM) = RU0(G)/det(I - x) • RU(G).

(b) If \G\ is even, then KO(M) = KOaJM).

(c) If \G\ is odd, then KO(M) = KO^M) ® KO(S2k~x) and c is injective

on KOttJM).

Remark.  KO(S2k~{) = 0 or Z2 depending on the parity of k .
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Proof. This is well known; see for example Gilkey [3, Theorem 3.6] and Gilkey-

Karoubi [5, Theorem 1].   a

For the remainder of this section let n — a-b where a and b arecoprime. If

v divides zz, let Mv = M(Zv , t) , and let M = Mn. Let ps(X) = Xs: Zn -* U(l)

where 5 is defined mod zz. ps is fixed point free if and only if (s ,n) = 1. Let

irrf (67) be the set of irreducible representations up to linear equivalence.

iTTu(Zn) = {Ps}o<s<n-

RU(Zn) = Z-p0®---®Z-pn_x=Z[px]/((px)n = l).

irr (Z ) = ¡{po>r(Pl)>->r(P(n-i)/2)} if «is odd j

°     " \{Po>Pn/2>r(Pl)>->r(P(n-2)/2)}     if " ÍS eVen / '

Lemma 2.2.

(a) \KU(M)\ = n  .
(b) Let e = 1 if n is odd and e = 2 if n is even.

(i) \KOUl(M)\ = sj+x ■ nJ ifk = 2j+l and m = l mod 4.

(ii) |AT0flat(Af)| = ej+x ■ nj~x if k = 2} and m = 3 mod 8.

(iii) |^Oflat(Af)| = sj ■ nj'x ifk = 2/ and m = l mod 8.

(c) Pullback defines isomorphisms KFfllit(M) ~ KFñat(Ma) ® KF^M^ .

Proof. See Gilkey [4, Lemma 4.2 and Theorem 0.4] for (a, b); (c) follows from

(a, b) and from Lemma 2.1.   a

If v divides zz, let i* : RF(Zn) —> RF(Zu) —>■ 0 be the natural restriction.

Lemma 2.3.

(a) i*a®i*b is surjective from RU0(Zn) to RU0(Za) ® RU0(Zb).

(b) Let zz = 2c and let k>2. Then [n(pc) ® n(p0)] £ r{KU(M)}.

(c) If JS(M) = n(a) for s>l, then a e r{RU(Zn)} .

Proof. Let av = £,(/>„«) - Pq) € RUo(Zu) for v = a,b ; we set u(i) = 0

for i large. Choose zz(z') so zz(z') = a(i) mod a and zz(z') = b(i) mod b and

let an = ¿Zi(Pnti) - P0) ■ This Proves (a) since il(on) = av for v = a,b; we

note (a) is false if we replace RU0 by RO0 ; if (a, b, c) = (2,3,6), there is no

a e i?O0(Z6) so i*2(o) = px-p0 and i*(o) = r(px)-2-p0. The first Chern class

is a map from KU(Mn) to H2(Mn;Z) = Zn which satisfies cx(n(ps)) = s.

The first Chern class of the complexification of a real bundle is zero. Since

c\ (n(Pc + Po>) ¥" 0, [n(pc + p0)] is not the underlying real virtual bundle of a

complex virtual bundle; this proves (b). Since 5 > 1, dim(/J(Af)) = m-(m+l)s

is even. If zz is odd, then there is only one real representation of Zn so the

coefficient x0 of p0 in a is even and a = (x0/2)-r(p0) + YlX<i<(n_X)i2xi-r(pi).

If n = 2c is even, there are two real representations of Zn . Let a - x0-p0+xc-

Pc + ^2i<i<cxi'r(PiS> ' we must show xQ and xc are even. Suppose the contrary;

since dim(er) is even, both xQ and xc are odd so a = p0 + pc + r(cr'). Since
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image(r) is a subring and T(M) © 1 e image(r),

[f(M)] = [(T(M) © l)i+1] - [(T(M) ®l)s]e image(z-).

This implies [n(p0) © n(pc)] e image(r) which is false,   n

Let a0 = max{e*(Afa),a(A7ft)}. By Lemma 1.2, a0 < a(M). Conversely,

suppose s > a0. Choose av so Js(Mv) = n(r(av)) for v = a,b. Then

JS(M) = n(r(on)) ; this completes the proof of Theorem 0.1(d).

3. The alpha invariant of Sm/Q2 and Sm ¡Z4

In this section, we will prove Theorem 0.1(e). We suppose m ^ 1,3,7 for

the remainder of this section to avoid low-dimensional pathologies. We recall

the following result from Shorey-Tijdeman [9]; see also Turk [10].

Theorem 3.1 (Shorey-Tijdeman). Let ô < 1. Let x,y,a,b be positive integers

so xa <yb . 3b0 = bQ(S ,x) so if b>b0, then xa + xSa < yb .

Corollary 3.2. Let m < 100,000 or let m beiarge. Let s = a(RPm) be odd.

(a)Ifm = %v + l, then 24l/+2 + 3 ■ 22v+2 <(m + l)s+x.

(b) If m = 4v + 1, then 22u+x + 21/+1 < (m + l)s+x.

Proof. We checked the cases 1 < m < 100,000 numerically. Let m be large

and let (jc,y,a,b) = (2,Su + S,4v + 3,s + 1) or (2,4v + 2,2v + I ,s + I)

so Xa <yb. Since j is odd, 24l/+3 ̂  (&u + 8)s+x ; similarly (4v + 2) is not

a power of 2 so 22v+x ¿ (4v + 2)s+x. This shows xa < yb. Since 2/(m) <

(w+l)i+1, [m/2]ln(2)/ln(m + l)<s+l so limm^œ s(m) = oo. By Theorem

3.1 xa + x5a <yb if m is large.   G

Let Q2 = {±1, ±i, ±j, ±k} . The natural inclusion x: Q2 c SU(2) = S

defines a fixed point free representation; any fixed point free representation of

Q2 is a multiple of x. There are 4 linear representations of Q2 defined by

PQ(i)=l,      Pj(i) = l, pj(i) = -l,      pk(i) = -l,

p0U) = i,     PiU) = -i,     PjU) = l,       pkU) = -i\

irr(ß2) = {p0,P¿,Pj,Pk,x} ■ Let Ai = M(Q2,k ■ x) have dimension m =

4k-l. Let u = Pj + Pj + Pk and let x(b,c) = [n{b-(u-3p0)+c-(r(x)-4p0)}] e

KO(M).

Lemma 3.3.

(a) If m = 8u + 3, then x(b,c) = 0 if and only if b = 0 mod 22v and

c = 0 mod 24".

(b) If m = 81/ + 7, then x(b,c) = 0 if and only if b = 0 mod 22" and
c-22l,+x-b = 0mod24v+i.

Proof. We use the computation of KO(M) from Fujii [2, Theorem 1.3]. Set

a0 = [n{p¡ - P0}] y ß0 = lnÍPj - Poïï '

ô0 = [n{r(x) - 4pQ}],      xQ = [n{5pQ + pi + pj + pk-2- r(x)}\.
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Then x(b, c) = b • x0 + (c + 2b) • S0 and

KOÍ M)= Í Z22"+2 ® Z22"+2 ® Z2* ® Z2>       if m = Su+ 3)

au{M)     \z22„+2®Z21u+2®Z2i„+}®Z22„    ifm = Sv + 7}'

({a0,ß0,S0,x0 + 2-o0} ifm = Sv + 3\
with generators = < ,      „  , „ ,„   %+k,,    .,. n      -, r •

\{a0,ß0,S0,x0 + (2 + 22u+x)S0}    rfm = Sv + l\

We complete the proof by expressing x(b, c) in terms of the generators:

WA ^_/e-^o + 2áo) + c-¿o ifm = 8z/ + 3ï
1   ' J " U • (*o + (2 + 22l/+1 ) ■ <V + (c - 22,/+1 • *) • So   ifm = Su + 7J-

Let M = M(Q2,k-x) and let 5 = a(i?Pm); j = a(i?7>m) < a(M(Z4,k-x)) <

a(M) by Lemma 1.1. To show a(M) < s, we must find nonnegative integers

{A,B,C} so

(77(Af) © l)i+1 = A ■ n(p0) ® B ■ n(u) ® C • n(r(x)) ® (T(M) © 1)'.

Assume for the remainder of this section either 5 is even or that the inequalities

of Corollary 3.2 hold for (m,s). Let ws = 4S~X -ks = 4~x -dim{(l ®T(M))S} ;

so dim(Js(M)) = 4 ■ (ws+x - ws). Since T(M) ®l=k- n(r(x)),

(r(A/)©ir = (^-(1®*(M)) ^iser}.
v   v    '      '       [ws-n(r(x))        if s is odd J

If m = Su + 3, then f(m) = 4z/ + 2 and ws < 24v < ws+x . If m = Su + 7,

then f(m) = 4v + 3 and te^ < 2 "+   < «z   ,. We need nonnegative integers

{A, B, C} satisfying A + 3B + 4C = 4(ws+x - ws) so that

í even s odd

B + ws = 0(22l/) ws+x = B(22v) m = Su + 3

ws+x=C(24") C + ws = 0(24v)

B + ws = 0(22v) ws+x=B(22v) m = Su + 7

22»+\B + ws) + ws+x        22v+x(B-ws+x)

= C(24,/+3) =ws + C(24v+i)

Define

s even s odd

¿ = 5 = 24v - ws A = B = ws+x -24v m = Sv + 3

C = ws+x-24» C = 24»-ws

A = 24v+x -ws + 4jc24,/+1 + 3y22,/   A = ws+x - 24v+x - 3 • 22,/    m = Sv + 7

B = 24u+x-w-y22v 5 = te>   , - 24l/+1 + 22l/

C = ws+x - 24v+x - x24v+x C = 24"+1 - ws
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This satisfies the congruences if 1 + x - y = 0 mod 4. We must check the

positivity condition. If s is odd, B > 0, and C > 0. Corollary 3.2(a) implies

A > 0. If s is even, choose x and y as follows:

i(0,l)        if24"+1-™j-22">0       1

[   ,y)~\(l,-2)   ifws+x-24"+x-24»+x>0f-

This yields nonnegative A, B, and C. If neither inequality holds,

2    <2       -2    <u;j<2        < wi+1 < 2

This implies w + 1 = ws+x/ws < 4 which is false. Consequently a(S4k~x/Q2) =

a(S4k-X/Z4) = a(RP4k-X).   '

We clear the previous notation and redefine ws and u. Let Af = Af (Z4, t)

have dimension m = 4v + 1 where x = (2v + l)r(px). Let

ws = dim{(T(M)®l)s}/2.

Since f(m) = 2v + 1, ws < 22v < ws+x . Let u = [n{r(px) - 2p0}], v =

[n{p2 - p0}], and x(b,c) = b-u + c-v .

Lemma 3.4. x(b,c) = 0 if and only if b - 2" ■ c = 0 mod 22i/+1 and c =

0 mod 2".

Proof. We use the calculation KO(M) = Z22„+l © Z2„ of Kobayashi et al. [7,

Theorem B]. The generators are {u,v + 2V • u}. We decompose x(b,c) =

(b-2"c)-u + c-(v + 2'/u).   U

To show a(Af) = a(RPm), we must find nonnegative integers {A,B,C}

satisfying

(T(M) © l)i+1 = A ■ n(p0) + B ■ n(r(px)) + C ■ n(p2) + (T(M) ® l)s.

Since

(T(M)®if = 1^0+^) ^ise7;l
v   v    '      '       \wsn(r(px))       if í is odd J

we need A + 2B + C = 2(ws+x - ws) so that

s even 5 odd

C + ws = 0(2v) ws+x=C(2")

B-ws+x=2'J(C + ws)(22v+x)       B + ws = 2"(C-ws+x)(22^x)

Define

s even 5 odd

a       "\2v                      ~v   ,      -»2i/+l .                         ~2v       ~v
A = 2    -ws+y2  + x2 A = ws+x-2    -2

B = ws+x - 2    - x2 B = 2    -ws

= 2    -ws-y2 C = ws+x-2    +2



A higher order invariant of differential manifolds 383

This satisfies the congruences if l+x-y = 0 mod 2. If s is odd, then A , B,

and C are nonnegative by Corollary 3.2(b). If 5 is even, choose

1(0,1)    if 22" - Wj - 2" > 0     1

(X'y)- 1(1,0)    ifu,i+1-22"-22">0r

This yields nonnegative A, B, and C. If neither condition holds, then

~2v— 1    . ~2v       «i/ „ ~2v    . . -2t/+l
2        < 2    -2   <ws <2    < ws+x < 2

This implies m + 1 = ws+x/ws < 4 which is false. This completes the proof of

Theorem 0.1(e).

4. Odd primes

This section is devoted to the proof of Theorem 0.1(f). Let n = p9 be an

odd prime power. Recall er, > o2 if er, - ex2 is a representation and not just

a virtual representation; c and r preserve this partial order. If a e RO(Zn),

then o > 0 if and only if c(o) > 0. If V and W are vector bundles, define

a partial order on the set of vector bundles by V > W if there exists a > 0

so V = W© 7t(er). Let <î = />0 -I-h pn_x be the right regular representation;

S ■ a = dim(a) • S for any er e RU(Zn). Let

(Pi +/»_i)*=   H  au(s,n)-pv.
0<v<n

Lemma 4.1. Lei n = p9 and let M = M(Zn , t) zzavc dimension m = 2k - 1.

(a) 7/ (t + t*)í+1 > (t + x*)s, then a(M) < s.

(h)If(a,n)=l,then (pa+p_a)"1 > Ô.

(c) If 1 < s < n - 2, 3v so av(s,n) = 0 and av(s - 1 ,zz) / 0.

(d) Let cv>0 and dv>0 with £„c„ = £„d„ > zzz. Let x = n(Evcv-pv)

and y = n(Ylvdv-pv).

(i) Ifx = y,then Cii = dvmodp[(k~X)l(n~X)]^u.

(ii) If cv = dv mod p[(k~x)l(p~1)1+" Vz/, z/zezj x = y.

Proof. If c(z-(t))í+1 > c(r(x))s, then s > 1 since p0 does not appear in x.

Furthermore r(x)s+x = r(x)s + a so (r(Af) © l)i+1 = (T(M) © l)s © 7t(er) so

/'(Af) = 7t((7) which proves (a). Expand (pa + p_J = Eo</<j 0) ■ ̂/a-« ■ If
s = n - I, since 2ez is coprime to zz, the subscripts {-as, - as + 2a, - as +

4a, ... , as} are distinct mod zz ; the pigeon-hole principle shows each subscript

appears in this set which proves (b). To prove (c), we may suppose a = 1.

av(s ,n) = 23»/=2j_î G) • If s < n- I, there is at most one term in this sum for

each v. If s is odd, then a0(s,zi) = 0 and a0(s - 1 ,n) ^ 0; if s is even,

ax(s,n) = 0 and ax(s - l,n) ¿0. This proves (c). Decompose KU(M) into

cyclic summands 01</<n_, Z(((. k) of orders t(i, k) = ps(l'k). The s(i,k) have

been computed by Kobayashi et al. [6, Theorem 1.7] and N. Mahammed [8,

Theorem 3] and in particular

[(k - l)/(p - 1)] + q > s(i,k) > [(k - l)/(n - 1)].    G
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To prove Theorem 0.1(f), we must show that if k is large with respect to zz,

then

(i) a(M)<n-2,

(ii) 3t so q(A7) = 1,

(iii) if x = k • px, then a(M) = n-2.

To prove (i), expand x = J2iv „)=\ CV'PV and choose a so ca is maximal. Since

ca > k/n, c"~x > (k/n)n'x > (2k)"~2 if k is large. Therefore

/ *\i— 1 >>    n— 1     , \i—1 -   h  i   \n—\     ?
(T + x )      >ca     -(pa + p_a)      > (k/n)      • Ô

>(2k)n-2--ô>(x + x*)"-2.

This proves (i). To prove (ii), let t0 = £(,,„)=i Pi > dim(To) < n • If k > n2,

let k = k0 + kx ■ dim(r0) for kQ < n and kx > n. xQ is self-dual and x20 =

Sr, „)=i (j „)=i Pj+j • Since p>3, either v— 1 or v-2 will be coprime to p for

any v so any congruence class mod p is the sum of two coprime congruence

classes; this shows t0 > 8. Let x = k0 • px + kx • xQ . Then

(t + t*)2 > zc2 • (t0 + t*)2 > 4k2 ■ Ô > 2k0 ■ Ô + 2kxn ■ S > (x + x*).

If Af = M(Zn, x), then a(M) < 1. Since ct(Af ) > 1 for zrz > 8 , this proves

(ii). To prove (iii), let x = k • px and let M = M(Zn , t) . Since q(A7) < zz - 2

by (i), we show a(M) = n - 2 by showing Jn~3(M) is not flat. Suppose

the contrary. Choose er so (T(M) ® l)"~2 = (T(M) ® l)"-3 © n(a). Let

c(a) = J2vcl/' Pv and complexify. Then

MUM"-2-")•/>„] =^\Yl{av{n-3,n) + cv)-p\ .

By Lemma 4.1(d), av(n - 2,n) = av(n - 3,zz) + cv modpl(k~X)/{n~X)]. Choose

v so av(n - 2,zz) = 0 and av(n -3,n) ^ 0. Then av(n - 3,zz) + cv =

0modpl{k-x)/("-X)] implies a¡/(n-3,n) + c¡/>pl{k'm"-X)]. Therefore

2      +(2k)      >av(n-3,n) + cv>p

The left-hand side of the inequality grows polynomially in k ; the right-hand

side of the inequality grows exponentially in k. If k is large, this fails; this

completes the proof of Theorem 0.1(f).

5. The classical lens spaces

In Theorem 0.1 (f), we showed lim^^ a(M(Zn, k • /?, )) = zz - 2. In general,

zz - 2 is not an upper bound. We conclude with a description of the behavior

of the alpha invariant for the classical lens spaces if zz = 31 ; the behavior for

other zz is similar.
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Table 2

51 [4039,4946] 39

49 [4947,7848] 37

47 [7849,13091] 35

45 [13092,23183] 33

43 [23184,44145] 31

41 [44146,91971] 29

[91972,214862]

[214863,583985]

[583986,1961013]

[1961014,9107278]

[9107279,77558759]

[77558760,oo)

Theorem 5.1. Let Mk = A7(Z3,,k • px).

(a) a(Mk)< 51 Vzc.

(b) If k > 4039, then s(k) = a(Mk) is odd and is given by Table 2.

Proof. As in Lemma 4.1, expand (px +p_x)s = E0<l/<3i av(s)'Pv with aÁs) >

0 Vz/ if í > 29. Define the critical ratio by

crit(s) -{ maxv av(s) / av(s + I)   ifi>29

oo otherwise

In addition to the critical ratio, we need to measure the congruences appearing

in the .TV-theory groups. Define

f(s,x) = (s + 1) • ln(2x) - {x/30 - 1} • ln(31)

g(s,x) = (s+l)- ln(2x) - {x/30 + 2} • ln(31) - ln(2)

= /(s,x)-3-ln(31)-ln(2).

Let x0(s) = 30-(s+l)/ln(31).

Lemma 5.2. Let M = Af(Z3, ,k ■ px),

(a) If k > crit(s), then a(M) < s.

(b) If g(s,k)>0, then a(M) < s.

(c) If k < crit(s) and if a(M) < s, then f(s,k)>0.

(d) f and g are increasing on [1,jc0(s)) and decreasing on (x0(s),oo).

Proof. We use Lemma 4.1. Let x = k • px. Then

*,s+\
(T + T-r'=Z<        -^(S+I)/^,

V

(x + x*)* = ks-Y^a^Pu-
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If k > crit(s), then k-au(s+ 1) > av(s) Vz^ so (t+t*)í+1 > (t + t*)1 . Therefore

a(M) < s which proves (a). If g(s,k) > 0, then

(2k)s+x>2.3lk,î0+2,

(2zc)5+1 - (2k)s > (2k)s+x/2 > 31 • 3i^-')/3°]+1.

We complexify and project to KU(M). Expand

y{c(Js(M))}=   £   c„ •[*(/>„+ />_„-2p0)].
0<i/<15

By Lemma 4.1(d, ii) we may assume 0 < cv < 3iKfc-1)/3°]+1 . \^t

c0 = dimf(M)-2-   J2   cv
0<v<15

>(2k)s+X -(2k)s-30 .3l[(fc-1)/301+1>0.

Let a = J2x<„<X5cl/ • r(pu) + c0-p0 . Then JS(M) = n(a) as c is injective. This

shows a(A7) < s and proves (b). Suppose k < crit(s) and that JS(M) has a

flat structure. Let c(/J(Af)) = 7r(cr) for er = Y.v CV'PV ■ Then c(r(Af)©l)i+1 =

7T(e7)©c(r(Af)©l)s so

ks+x ■ av(s + 1) = ks ■ au(s) + cv mod 31[(/c_1)/30]   Vv .

Since k < crit(i), we may choose p so ks+ -a (s+l) < ks -a (s). This implies

ks-aß(s) + cii-ks+x-ati(s+l)>0,

k>.a/í(s) + cti-k°+x.aM(s+l)>3l«k-^°\

ks.a/Á(s) + ctí>3lí{k-X)m.

As au(s) and cv are nonnegative for all v , we sum to see

(2krx=ks.Y,a„(s) + J2ci/>3l[{k-m,

(s+l)- ln(2k) > [(k - l)/30] • ln(31) > {zc/30 - 1} • ln(31).

This shows f(s ,k) > 0 which proves (c). Finally

dg/dx(s, x) = df/dx(s, x) = (s + 1 )/x - ln(31 )/30,

d2f/dx2(s ,x) = -(s+l )/x2 < 0.

The critical point is at x0 = 30 • (s + l)/ln(31).   a

The approximate values of crit(s) are given in Table 3.
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Table 3

29,30
31,32
33,34
35,36
37,38
39,40

crit(j)

77558760.0
9107278.6
1961013.6
583985.5
214862.2
91971.5

41,42
43,44
45,46
47,48
49,50

51

crit(s)

44145.2
23183.3
13091.5
7848.2
4946.5

3253.04

Table 4

f(s,x)       g(s,x)       xJs)

50 4038
50 4039
51 1
51 3253
51 4946

.05
-.05

39.36
87.66

-84.34

-10.95
-11.05

28.37
76.67

-95.34

445.55
445.55

454.28
454.28
454.28

The critical ratio for 29 and 30 is exact. We also computed approximations

to /, g, and x0 in Table 4.

Since ¿(51,1) >0 and #(51,3253) >0, g(5l,x) > 0 for xe [1,3253].
By Lemma 5.2(b), a(Mk) < 51. If k > 3253, then k > crit(51) so a(Mk) <
51 by Lemma 5.2(a). This shows a(Mk) < 51 VA:. Since x0(50) < 4039 and

/(50,4039) < 0, /(50, x) is negative on [4039,oo). If k e [4039,4946],
then k < crit(50) so a(Mk) > 50 by Lemma 5.2(c). This shows a(Mk) = 51

for k e [4039,4946]. Let k > 4947 and s e [29,49]. Both x0(s) and f(s, zc)
are increasing in s . Since x0(s) < x0(51) = 469.4, f(s, zc) is decreasing in k .

Thus f(s,k) <f(51,k)< f(5l ,4946) < 0. By Lemma 5.2(a, c),

(i) if Zc > crit(s), then a(Af ) < s and

(ii) if zc < crit(s), then a(M) > s .

If k e [4947,7848], then crit(49) < k < crit(48) so 48 < a(Mk) < 49; the
computation of a for the remaining ranges is the same.    G
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